Abstract: The fractional telegraph partial di¤erential equation with fractional Atangana-Baleanu-Caputo (ABC) derivative is studied. Laplace method is used to …nd the exact solution of this equation. Stability inequalities are proved for the exact solution. Di¤erence schemes for the implicit …nite method are constructed. The implicit …nite method is used to deal with modelling the fractional telegraph di¤erential equation de…ned by Caputo fractional of Atangana-Baleanu (AB) derivative for di¤erent interval. Stability of di¤erence schemes for this problem is proved by the matrix method. Numerical results with respect to the exact solution con…rm the accuracy and e¤ectiveness of the proposed method.
Introduction
Over the last several decades, many scientists and experts are turning their studies into real world problems. This trend comes from new and novel structures of models to the real world problems and the application of di¤erential equations with fractional derivative [1, 2, 3, 4] . Therefore, many fractional theorems and de…nitions in the sense of Rimann-Liouville, Caputo, Atangana-Baleanu have been introduced to the literature. Moreover, a variety of many interesting tools by modi…ying and developing such as (G'/G^{2})-expansion method, homotopy analysis and perturbation methods, Fractional Adams-Bashforth-Moulton method, Reduced di¤erential transform method, variational iteration method, Adomian's decomposition method, Exp-function method, (G'/G)-expansion method, …nite forward di¤erence method, modi…ed simple equation method and so on [5, 6, 7] have been presented to …nd the analytical solutions of fractional differential equations. Common properties of these methods preserve generally the nonlinearities along with de…nitions and theorems in the mathematical and physical points of view.
In this sense, fractional di¤erential equation has several applications in engineering, …nance, physics and seismology [8, 9, 10] . This di¤erential equation is solvable with respect to variables time and space. In [11] , the telegraph di¤eren-tial equation was studied for = 1 and 0 < x < by using di¤erence scheme method. In [12, 13] , Modanli studied two di¤erent numerical methods for the fractional telegraph di¤erential equation. The AB derivative is applied successfully in modelling of various real phenomena such as [14, 15, 16] . Atangana and Baleanu suggested another version of fractional-order derivative which uses the generalized Mittag-Le-er function as non-local and non-singular kernel in [17] . Some important papers published depend on fractional order di¤erential equation in recent years [18, 19] . Finally, the important works were presented involving the recent advancements in fractional calculus and its applications [20, 21] .
The implicit …nite di¤erence method has sign…cant advantages. One of these advantages is that stability can be ensured over much larger values of t and fewer time steps are needed to carry out the calculations over a given interval [22] . Sometimes di¤erential equations are very di¢ cult to solve analytically or models are needed for computer simulations. In these cases …nite-di¤erence methods are used to solve the equations instead of analytical ones. Finitedi¤erence methods are numerical methods for solving di¤erential equations by approximating them with di¤erence equations, in which …nite di¤erences approximate the derivatives. For example, in electronics and electrical engineering, di¤erential equations describing complex circuits containing capacitors, inductors and resistors can be replaced with …nite-di¤erence equations. Computer simulations of the models are used to estimate voltages and currents in the nodes of the circuits.
Perturbation methods are mostly based on small (or large) physical parameters, called perturbation quantity. Using small or large physical parameters, perturbation methods transfer a nonlinear equation into an in…nite number of subproblems that are mostly linear. Unfortunately, many nonlinear equations do not contain such kind of perturbation quantities at all. More importantly, perturbation approximations often quickly become invalid when the so-called perturbation quantities enlarge. Besides to these facts, perturbation techniques are so strongly dependent upon physical small parameters that we have nearly no freedom to choose equation type and solution expression of high-order approximation equations, which are often complicated and thus di¢ cult to solve. Due to these restrictions, perturbation methods are valid mostly for weakly nonlinear problems in general. In theory, it is very valuable to develop a new kind of analytic approximation method which should have the following characteristics:
(1) it is independent of small physical parameter; (2) it provides us great freedom and ‡exibility to choose the equation-type and solution expression of high-order approximation equations; (3) it provides us a convenient way to guarantee the convergence of approximation series [23, 24] .
In this article, we consider fractional telegraph di¤erential equation model with AB derivative.The implicit method is used for the fractional telegraph pde by de…ned AB derivative to obtain numerical results. Then, the matrix stability method is showed by the given conditions. We shall examine the following fractional telegraph equation
Now, we shall recall some basic de…nitions and properties of fractional calculus theory for fractional telegraph partial di¤erential equation. Di¤erence schemes of the implicit …nite di¤erence method is de…ned for this di¤erential equation.
De…nition 1
The Caputo fractional derivative D t u(t; x) of order with respect to time is de…ned as:
@p dp; (n 1 < < n) ;
and for = n 2 N de…ned as:
then, the de…nition of the new fractional derivative (Atangana-Baleanu derivative in Caputo sense) is ginev as:
where B( ) = 1
Atangana-Baleanu computate the Laplace transform for the equation (4) the following form as:
In the present paper, the exact solution of the fractional order telegraph partial di¤erential equation for abstract form is obtained and for this exact solution is presented the stability estimates. The …rst order of accuracy implicit …nite di¤erence schemes are presented for the approximate solution of problem (1). The stability estimates for the solution of these implicit …nite di¤erence schemes are obtained. A numerical method is proposed for solving initial-boundary value problem for the fractional order telegraph partial di¤erential equation. A procedure of modi…ed Gauss elimination method is used for solving these di¤erence schemes in the case of the fractional order telegraph partial di¤erential equations.
The detail of the remaining sections of this paper is as follows: In section 1, the basic de…nitions of AB derivative is presented. The fractional telegraph model formulation by applying the fractional calculus is presented and stability inequalities are showed for fractional telegraph model with AB derivative in section 2. In section 3, Di¤erence schemes are constructed for implicit di¤erence scheme method and stability estiates are proved for given method. Numerical results are given by Implicit method in section. 4. Finally, the present work is concluded in section 5.
Exact solution of fractional telegraph di¤er-ential equation and its stability estimates
In this section, we …nd the exact solution for the abstract form of the equation (1) . Then, we prove the stability estimates for the equation (6) . Problem (1) can be rewritten in the following form:
with domain
Here, we have that hKu; vi = hu; Kvi (u; v 2 D(K)) and hKu; ui hu; ui ; > 0; 0: Now, we shall obtain the exact solution of the problem (6) . Taking G(t) = g(t)
ABC a D t (u(t)), the formula (6) is rewritten as follows:
A function u(t) is called a solution of the problem (7) if the following conditions are satis…ed: (iii) u(t) satis…es the initial conditions (7).
Then, for the exact solution we can rewrite the problem (7) as the following the …rst order di¤erential equations systems forms
where, L = K 1=2 : Here, y(t) is a continuously di¤erentiable on the interval [0; T ]: Integrating the formula (8), we get 8 > > > > < > > > > :
Applying the initial condition y(0) = u 0 (0) + iK G(p)dpds
By an interchange of the order integration, we can write
Then, we obtain
where
Using the formula (9) and the formula G(t) = g(t)
ABC 0 D t (u(t)); we obtain
Using the formula (3), we can write
]dp :
Using the partial integration for the last formula (cf. [25] ) and properties Mittag-Le-er function, we get
Thus, we can give the following theorem for the stability estimates the equation (11) .
) and g(t) be continuously di¤ erentiable on [0; T ]. Then, there exists a unique solution of problem (11) and the following stability estimate is satis…ed:
Proof. Using the formulas (11), (10) and the estimates (12), we obtain the following estimates
From the initial condition, we can obtain the estimate as the formula (13) . Thus, the proof of theorem is completed. The last part of this section, we give a test example of the fractional order telegraph di¤erential equation for the exact solution by the Laplace transform method.
Example 4 Consider the following fractional order telegraph di¤ erential equation with de…ned by AB derivative
0 < x < ; 0 < t < 1;
u(t; 0) = u(t; ) = 0; 0 x ; 0 1:
Solution 5 Applying the Laplace transform method both to sides the equation (14) and using the given initial condition, we obtain
Solving this equation for homogenous and nonhomogenous part as to x, and using boundary value conditions, we have
Taking the inverse Laplace transform for the last formula, we get the exact solution of the given example as:
In the next section, we construct di¤ erence scheme for the Implicit …nite difference method. Then, we shall prove the stability estimates for this di¤ erence scheme method.
3 Stability estimates for Implicit Finite Di¤er-ence Method
for x axis and = T N for t axis as grid mess, then we can write x n = x L + nh; n = 1; 2; :::M; t k = k ; k = 1; 2; :::; N:
For the fractional order telegraph partial di¤erential equation de…ned by AB derivative of the formula (1); we construct the impicit …nite di¤erence method. For this, we need to give the following formulas:
And from the article [26] , we know that
: From the last three formula, we can obtain di¤erence schemes for the fractional order telegraph equation
The last di¤erence formula can be rewritten in the following form
Using the initial conditions, the di¤erence scheme formula (16) can be written in the matrix form as follows: > > > > > > > > > > < > > > > > > > > > > :
Here, A and C are symmetric tridiagonal matrixs and B is diagonal matrix.
We take to kAk = kAk 1 = max 
Proof.
Then, the equation (17) is stable.
Proof. Using Lemma 6 and Lemma 7, the proof of theorem is completed.
Remark 9
Convergences of implicit …nite di¤ erence method was given in detail for fractional order telegraph partial di¤ erential equation in the sense of Caputo derivative in [12] .
Numerical implementation
In this section, we obtain approxiation solution by using the implicit …nite di¤erence method for the Example:1 4. To solve problem (4, we shall apply the implict …nite method given by the formula (15): We use a procedure of the modi…ed Gauss elimination method for di¤erence equation 4: We calculate the maximum norm of the error of numerical solution as " = max n = 0; 1; :::; M k = 0; 1; 2:::; N ju(t; x) U (t k ; x n )j ; where u k n = u(t k ; x n ) is the approximate solution and u(t; x) is exact solution.
Example 10 Consider the fractional order telegraph partial di¤ erential equation given in Example 4. We know that the exact solution of this equation is
Error analysis table (cf. Table I) gives our error analysis for the implicit …nite di¤ erence method.
The Implicit …nite di¤erence method for 4 by interval = Tablo I. Error analysis is computed for the variable values 0 < < 1; 0 < t < 1; and 0 < x < of the approximation solution by helping the Implicit di¤erence formula (15):
Conclusion
In this paper, the exact solution and stability estimates are showed for the fractional order telegraph partial di¤erential equation of the abstract form. One example of the this di¤erential is solved by Laplace transform method. First order Implicit …nite di¤erence schemes for the equation 1 are constructed. Stability inequalities are proved for given di¤erence schemes by using matrix stability method. We used implicit …nite di¤erence method with Atangana-Baleanu Caputo fractional de…nition to conctruct and obtain to accuracy algorithms for solving telegraph partial di¤erential equations. Approximate solutions for numerical experiments are found by the implicit …nite di¤erence-method. These results were compared with the exact solutions. MATLAB program is used for all numerical calculations. From the Figure 1 . and Figure 2 ., physical properties of the exact and the approximate solutions can be seen for the interval N = M = 10. In Figure 1 . and Figure 2 ., the exact and approximation solutions are shown for = We note that the absolute error is equal to value given in Table I . for = 
